Abstract. This paper presents a complete account of positive and negative results on the finite axiomatizability of weak complete simulation semantics over the language BCCSP. We offer finite (un)conditional groundcomplete axiomatizations for the weak complete simulation precongruence. In sharp contrast to this positive result, we prove that, in the presence of at least one observable action, the (in)equational theory of the weak complete simulation precongruence over BCCSP does not have a finite (in)equational basis. In fact, the collection of (in)equations in at most one variable that hold in weak complete simulation semantics over BCCSP does not have an (in)equational basis of 'bounded depth', let alone a finite one.
Introduction
Process algebras, such as ACP [4, 6] , CCS [16] and CSP [13] , are prototype specification languages for reactive systems. Such languages offer a small, but expressive, collection of operators that can be combined to form terms that describe the behaviour of reactive systems.
Since the seminal work by Bergstra and Klop [6] , and Hennessy and Milner [12] , the search for (in)equational axiomatizations of notions of behavioural semantics for fragments of process algebras has received much attention in concurrency theory. A complete axiomatization of a behavioural semantics yields a purely syntactic and model-independent characterization of the semantics of a process algebra, and paves the way to the application of theorem-proving techniques in establishing whether two process descriptions exhibit related behaviours.
The aim of this paper is to contribute to the study of the equational theory of process algebras modulo notions of semantics that abstract, in some suitable fashion, from internal computations in the behaviour of processes. In [2] , we provided a complete account of positive and negative results on the finite axiomatizability of weak simulation [15, 19] and weak ready simulation semantics [7, 14] over the language BCCSP. (This language contains only the basic process algebraic operators from CCS [16] and CSP [13] , but is sufficiently powerful to express all finite synchronization trees [16] .) In the present paper, we focus on the study of the equational theory of weak complete simulation semantics. Weak complete simulation is a deadlock-sensitive variation on simulation, which is the 'weak counterpart' of complete simulation [11] . Our definition of the notion of weak complete simulation is based on considering a process 'complete', or 'mute', when it cannot perform any observable action. For instance, letting the symbol τ denote an unobservable action [16] , the process τ is mute, but neither τa nor τ + a is.
We offer finite conditional and unconditional ground-complete axiomatizations for the weak complete simulation precongruence. (An (in)equational axiomatization is called ground-complete if it can prove all the valid (in)equivalences relating terms with no occurrences of variables in the process algebra of interest.) In sharp contrast to this positive result, we prove that, in the presence of at least one observable action, the (in)equational theory of the weak complete simulation precongruence over BCCSP does not have a finite (in)equational basis. In fact, the collection of (in)equations in at most one variable that hold true in weak complete simulation semantics over BCCSP does not have an (in)equational basis of 'bounded depth', let alone a finite one.
Our work contributes to the extension to the 'weak' setting, where processes may perform transitions labelled with the unobservable action τ, of a collection of non-trivial results that have been obtained for behavioural semantics that consider each action processes perform as being observable by their environment. Our positive results build on, for instance, the encyclopedic studies presented in [9, 11] . In particular, we use conditional axioms to provide a simple and clear picture of the (in)equalities that are valid in weak complete simulation semantics, and derive purely equational ground-complete axiomatizations from conditional axiomatizations in a rather uniform fashion. On the other hand, our negative results are shown using proof-theoretic techniques that have their root in, e.g., the seminal journal paper [8] . (The article [3] surveys classic proof techniques for showing non-finite axiomatizability results.)
The paper is organized as follows. Section 2 presents the syntax and the operational semantics for the language BCCSP, and reviews the necessary background on (in)equational logic as well as classic axiom systems for strong bisimulation equivalence and observational congruence (the largest congruence included in weak bisimulation equivalence). Section 3 is devoted to our positive and negative results on the finite axiomatizability of the weak complete simulation preorder. We conclude the paper by discussing further related work and directions for future research in Section 4.
Due to lack of space, we have preferred to omit the proofs of our results. Proofs as well as further details and explanations can be found in Section 4 of the extended paper that is available at the URL http://www.hr.is/faculty/ luca/PAPERS/OnWeakSemantics.pdf.
Preliminaries
To set the stage for the developments offered in the rest of the paper, we present the syntax and the operational semantics for the language BCCSP, some background on (in)equational logic, and classic axiom systems for strong bisimulation equivalence and observational congruence [16] .
Syntax of BCCSP BCCSP(A τ ) is a basic process algebra for expressing finite process behaviour. Its syntax consists of closed (process) terms p, q, r that are constructed from a constant 0, a binary operator _ + _ called alternative composition, or choice, and unary prefix operators α_, where α ranges over some set A τ of actions of the form A ∪ {τ}, where τ is a distinguished action symbol that is not contained in A. Following Milner [16] , we use τ to denote an internal, unobservable action of a reactive system, and we let a, b, c denote typical elements of A and α range over A τ . The set of closed terms is named T(BCCSP(A τ )), in short T(A τ ). We write |A| for the cardinality of the set of observable actions.
Open terms t, u, v can moreover contain occurrences of variables from a countably infinite set V (with typical elements x, y, z). We use T(BCCSP(A τ )), in short T(A τ ), to denote the set of open terms. The depth of a term t is the maximum nesting of prefix operators in t.
In what follows, for each non-negative integer n and term t, we use a n t to stand for t when n = 0, and for a(a n−1 t) otherwise. As usual, trailing occurrences of 0 are omitted; for example, we shall usually write α in lieu of α0.
A (closed) substitution maps variables in V to (closed) terms. For every term t and substitution σ, the term σ(t) is obtained by replacing every occurrence of a variable x in t by σ(x). Note that σ(t) is closed if σ is a closed substitution.
Transitions and their defining rules Intuitively, closed BCCSP(A τ ) terms represent finite process behaviours, where 0 does not exhibit any behaviour, p + q is the nondeterministic choice between the behaviours of p and q, and αp executes action α to transform into p. This intuition is captured, in the style of Plotkin [20] , by the simple transition rules below, which give rise to A τ -labelled transitions between closed terms. 
Preorders and their kernels We recall that a preorder is a reflexive and transitive relation. Let be a preorder over the set of closed terms T(A τ ). For terms t, u ∈ T(A τ ), we define t u if, and only if, σ(t) σ(u) for each closed substitution σ.
The kernel ≈ of a preorder is the equivalence relation it induces, and is defined thus:
t ≈ u if, and only if, (t u and u t).
It is easy to see that the kernel of a preorder is the largest symmetric relation included in .
Inequational logic An inequation (respectively, an equation) over the language BCCSP(A τ ) is a formula of the form t ≤ u (respectively, t = u), where t and u are terms in T(A τ ). An (in)equational axiom system is a set of (in)equations over the language BCCSP(A τ ). An equation t = u is derivable from an equational axiom system E, written E t = u, if it can be proven from the axioms in E using the rules of equational logic (viz. reflexivity, symmetry, transitivity, substitution and closure under BCCSP(A τ ) contexts).
For the derivation of an inequation t ≤ u from an inequational axiom system E, the rule for symmetry-that is, the second rule above-is omitted. We write E t ≤ u if the inequation t ≤ u can be derived from E. It is well known that, without loss of generality, one may assume that substitutions happen first in (in)equational proofs, i.e., that the fourth rule may only be used when its premise is one of the (in)equations in E. Moreover, by postulating that for each equation in E also its symmetric counterpart is present in E, one may assume that applications of symmetry happen first in equational proofs, i.e., that the second rule is never used in equational proofs. (See, e.g., [8, page 497] for a thorough discussion of this notion of 'normalized equational proof'.) In the remainder of this paper, we shall always tacitly assume that equational axiom systems are closed with respect to symmetry. Note that, with this assumption, there is no difference between the rules of inference of equational and inequational logic. In what follows, we shall consider an equation t = u as a shorthand for the pair of inequations t ≤ u and u ≤ t.
The depth of t ≤ u and t = u is the maximum of the depths of t and u. The depth of a collection of (in)equations is the supremum of the depths of its elements. So, the depth of a finite axiom system E is zero, if E is empty, and it is the largest depth of its (in)equations otherwise.
An inequation t ≤ u is sound with respect to a given preorder relation if t u holds. An (in)equational axiom system E is sound with respect to if so is each (in)equation in E.
Classic axiomatizations for notions of bisimilarity The well-known axioms B 1 -B 4 for BCCSP(A τ ) given below stem from [12] . They are ω-complete [18] , and sound and ground-complete [12, 16] , over BCCSP(A τ ) (over any non-empty set of actions) modulo bisimulation equivalence [16, 19] , which is the finest semantics in van Glabbeek's spectrum [11] .
In what follows, for notational convenience, we consider terms up to the least congruence generated by axioms B 1 -B 4 , that is, up to bisimulation equivalence. We use summation ∑ n i=1 t i (with n ≥ 0) to denote t 1 + · · · + t n , where the empty sum denotes 0. Modulo the equations B 1 -B 4 each term t ∈ T(A τ ) can be written in the form ∑ n i=1 t i , where each t i is either a variable or is of the form αt , for some action α and term t .
In a setting with internal transitions, the classic work of Hennessy and Milner on weak bisimulation equivalence and on the largest precongruence included in it, observational congruence, shows that the axioms B 1 -B 4 together with the axioms W 1 -W 3 below are sound and complete over BCCSP(A τ ) modulo observational equivalence. (See [12, 16, 17] .)
The above axioms are often referred to as the τ-laws. For ease of reference, we write
Weak Complete Simulation
In the remainder of this paper, we study the notion of complete simulation preorder in a setting with τ actions. Recall that, in the setting without τ, a complete simulation [11] is a simulation relation that is only allowed to relate a state with no outgoing transitions to states with the same property.
Definition 1.
We say that process p ∈ T(A τ ) must terminate (or is mute), written p⇓, iff there does not exist any a ∈ A such that p a =⇒.
Note that p is not mute, written p ⇓, if, and only if, there exist p ∈ T(A τ ), n ≥ 0 and a ∈ A such that p( We say that p, q ∈ T(A τ ) are weak complete simulation equivalent, written p ≈ CS q, iff p and q are related by the kernel of CS , that is when both p CS q and q CS p hold.
It is easy to see that if p CS q and q⇓, then p⇓. Note that CS is not a precongruence with respect to the choice operator of BCCSP(A τ ). Indeed, it is immediate to show that τ0 CS 0, but τ0 + a CS 0 + a.
Definition 3. We denote by CS the largest precongruence over T(A τ ) included in
CS . Formally, p CS q iff -p CS q, -p CS q ⇒ ∀α ∈ A τ αp CS αq, and -p CS q ⇒ ∀r ∈ T(A τ ) p + r CS q + r.
The definition of the largest precongruence included in CS is purely algebraic and difficult to use to study that relation. We next present a behavioural characterization of CS .
Definition 4. The preorder relation CS between processes in T(A τ ) is defined as follows: p CS q iff
-p CS q, and -whenever p τ −→ p for some p such that p ⇓, there exists some q such that q( τ −→) + q and q ⇓.
We denote the kernel of CS by CS . Example 1. It is immediate to see that τ0 CS 0. On the other hand, τa CS a does hold because the second requirement in Definition 4 is vacuous. In general, τ p CS p + q holds for all p and q provided that p is not mute.
Proposition 1 (Behavioural characterization of CS )
. p CS q if, and only if, p CS q, for all p, q ∈ T(A τ ).
Ground-complete axiomatizations
In order to find a set of equations that gives a ground-complete axiomatization for the largest precongruence included in the weak complete simulation preorder, it is natural to consider the following (conditional) equations.
The first equation, CS τ , is similar to the key axiom in the axiomatization for the complete simulation preorder in the concrete case, see e.g. [10] . However, in our setting, the mute predicate takes into account the silent steps of processes. This conditional equation restricts the applicability of inequation (S) x ≤ x + y, which is only sound in (weak) complete simulation semantics when the terms substituted for the variables x and y have the same 'termination status'.
The second equation, CS τe , is a restricted version of equation
which is valid in weak simulation semantics, but is unsound in weak complete simulation semantics. Intuitively, equation CS τe expresses the fact that a process of the form τ p, for some term p that is not mute, is weak complete simulation equivalent to p. In fact, equation CS τe could 'equivalently' be formulated as a conditional equation thus:
Proposition 2. The set of equations
where CS τ is conditional, is sound and ground-complete for BCCSP(A τ ) modulo CS .
Axiom CS τ highlights the similarities with the concrete version of complete simulation and with the theory of constrained simulations [10] . However, it is natural to wonder whether it is possible to find a finite, non-conditional and ground-complete axiomatization for CS over BCCSP(A τ ). Indeed, this is possible; it is enough to substitute the conditional equation CS τ with the following inequations.
(CS) ax ≤ ax + y (τN) 0 ≤ τ0 Theorem 1. The set of unconditional inequations
is sound and ground-complete for BCCSP(A τ ) modulo CS .
It is clear that we could substitute equation τN by (τg) x ≤ τx in the axiomatization above, since the inequation τg is sound for BCCSP(A τ ) modulo CS and is more general than τN. Let us now move on to the ground-complete axiomatization of the largest congruence included in complete simulation equivalence. In order to axiomatize that congruence, it is natural to consider the following equation.
This equation is essentially the same one that was used in earlier conditional axiomatizations for complete simulation equivalence in the concrete case [10] . However, we remark that the mute predicate deals with silent transitions, although we only use visible actions when describing the equation CSE τ . To turn the previous axiomatization into one without conditional equations we consider the equation
where a, b ∈ A. This is the same equation that is used when axiomatizing complete simulation equivalence in a setting without silent moves.
Theorem 2. The set of unconditional equations E CS = = BW ∪ {CS τe , CSE} is sound and ground-complete for BCCSP(A τ ) modulo CS .
Nonexistence of finite complete axiomatizations
The results in the previous section show that weak complete simulation semantics affords finite (conditional) ground-complete axiomatizations. It is natural to wonder whether the collection of (in)equations over BCCSP(A τ ) that are valid in weak complete simulation semantics is finitely axiomatizable.
We shall now prove that if A is non-empty, then the (in)equational theory of CS over BCCSP(A τ ) does not have a finite basis. (The assumption that A be non-empty is, of course, necessary for such a result. In the trivial case that A is empty, the inequation x ≤ y suffices to obtain a complete axiomatization.)
For the sake of clarity, we recall that we consider terms up to the least congruence generated by axioms B1-B4, that is, up to strong bisimilarity.
Weak Complete Simulation Ground-complete Complete

Finite Equations
Order Equiv. Order Equiv. Our proof of the nonfinite axiomatizability result for the (in)equational theory of CS over BCCSP(A τ ) will be based on the following infinite family of inequations, which are sound modulo CS : a n x ≤ a n 0 + a n (x + a) (n ≥ 1).
To see that each of the inequations in the above family is sound, it suffices to observe that if p ≈ CS 0 then a n p CS a n 0 for each n ≥ 0, and a n p CS a n (p + a) otherwise, if n ≥ 1. (Note that the assumption that n ≥ 1 is necessary for the soundness of the above type of inequation. Indeed, the inequation
is not sound modulo CS because 0 CS 0 + (0 + a).) Theorem 3. If |A| ≥ 1 then the (in)equational theory of CS over BCCSP(A τ ) does not have a finite (in)equational basis. In particular, the following statements hold true.
1. No finite set of sound inequations over BCCSP(A τ ) modulo CS can prove all of the sound inequations in the family a n x ≤ a n 0 + a n (x + a) (n ≥ 1).
2.
No finite set of sound (in)equations over BCCSP(A τ ) modulo CS can prove all of the sound equations in the family a n x + a n 0 + a n (x + a) = a n 0 + a n (x + a) (n ≥ 1).
Theorem 3 is a corollary of the following result.
Proposition 4.
Assume that |A| ≥ 1. Let E be a collection of inequations whose elements are sound modulo CS and have depth smaller than n. Suppose furthermore that the inequation t ≤ u is derivable from E and that u CS a n 0 + a n (x + a). Then t a n =⇒ x implies u a n =⇒ x.
Having shown the above result, statement 1 in Theorem 3 can be proved as follows. Let E be a finite inequational axiom system that is sound modulo CS . Pick n larger than the depth of any axiom in E. Then, by Proposition 4, E cannot prove the valid inequation a n x ≤ a n 0 + a n (x + a), and is therefore incomplete. Indeed, a n x a n =⇒ x.
On the other hand, the only terms t such that a n 0 + a n (x + a) a n =⇒ t holds are 0 and x + a. So a n 0 + a n (x + a) a n =⇒ x does not hold.
Corollary 1.
If |A| ≥ 1 then the collection of (in)equations in at most one variable that hold over BCCSP(A τ ) modulo CS does not have a finite (in)equational basis. Moreover, for each n, the collection of all sound (in)equations of depth at most n cannot prove all the valid (in)equations in at most one variable that hold in weak complete simulation semantics over BCCSP(A τ ). Tables 1-2 summarizes the positive and negative results on the existence of finite axiomatizations for weak complete simulation semantics. On Table 1 , 'Do not exist' indicates that there is no finite (in)equational axiomatization for the corresponding semantic relation.
Conclusion
In this paper, we have offered a detailed study of the equational theory of the largest precongruence and congruence over the language BCCSP induced by the weak version of the classic complete simulation preorder and equivalence, respectively.
On the one hand, for these (pre)congruence we have presented results that show the existence of finite ground-complete equational axiomatizations. In order to obtain a better understanding of the equational theory of weak complete simulation semantics, we have presented both conditional and unconditional versions of such axiomatizations.
On the other hand, we have proved that the (in)equational theory of the weak complete simulation precongruence over BCCSP does not have a finite (in)equational basis. This result is true in the presence of at least one observable action. Moreover, we have shown that the collection of (in)equations in at most one variable that hold in weak complete simulation semantics over BCCSP does not have an (in)equational basis of bounded depth, and therefore not a finite one.
It would be interesting to obtain infinite, but finitely described, complete axiomatizations of weak complete simulation semantics. This is a topic that we leave for future research.
While in [2] we showed that for both weak simulation and weak ready simulation semantics the finite axiomatizability of the semantics was crucially dependent on whether the set of observable actions was finite or infinite, for the weak complete simulation semantics this is not the case. As reflected in Table 1 , for any non-empty set of actions, it is impossible to find a finite complete axiomatization.
We find it pleasing that all the known results on the existence of finite bases for the weak, complete and plain simulation semantics (see [8] ) in the 'concrete' case, that is without silent moves, are 'lifted' to the weak version of the simulation semantics we have presented.
We plan to investigate now the weak versions of semantics in van Glabbeek's spectrum that are based on notions of decorated traces. We have already started working on this topic and we plan to report on our results in a forthcoming article.
Following the developments in [1, 5, 21] , it would also be interesting to study rule formats for operational semantics that provide congruence formats for the semantics considered in this paper, and to give procedures for generating ground-complete axiomatizations for them for process languages in the given formats.
